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An examination is made of the problem of determining the steady 
temperature field in a medium with a cylindrical inclusion, separated 
from the medium by a thin intermediate layer, for an assigned steady 
ter~perature at infinity. The problem is reduced to solution of a sys- 
tem of singular integto-differential equations, which are also valid 
for a solid containing an inclusion in the form of a thin non-dosed 
cylindrical shell. 

Le t  t h e r e  be  an inf in i te  homogeneous  so l id  con-  
ta in ing  a c y l i n d r i c a l  inc lus ion ,  s e p a r a t e d  f rom the 
so l id  by a thin i n t e r m e d i a t e  l a y e r  of cons t an t  t h i ck -  
n e s s .  We sha l l  make  the z ax i s  of a r e c t a n g u l a r  s y s -  
t em of c o o r d i n a t e s  co inc ide  with  the ax i s  of the inc lu -  
s ion.  

We sha l l  examine  the p r o b l e m  of d e t e r m i n i n g  the 
s t e a d y  t e m p e r a t u r e  f ie ld  T(x ,y)  in th is  kind of s y s t e m ,  
under  the a s s u m p t i o n  that  a t  a l a r g e  enough d i s t a n c e  
f rom the inc lus ion  the t e m p e r a t u r e  d i s t r i b u t i o n  is  d e -  
s c r i b e d  by a g iven h a r m o n i c  funct ion to (x ,  y).  

To s i m p l i f y  the p r o b l e m  we sha l l  r e p l a c e  the in -  
t e r m e d i a t e  by s o m e  p h y s i c a l  s u r f a c e  wi th  t h e r m o p h y s -  
i c a l  p r o p e r t i e s  a s  shown [1, 9,]. The i n t e r s e c t i o n  of  
th is  c y l i n d r i c a l  s u r f a c e  wi th  the p lane  xOy g ives  a 
c e r t a i n  contour  L (see  f igure ) ,  on which  the  fo l lowing 
condi t ions  mus t  be s a t i s f i e d  [1, 2]: 

o,,T+ or+ _ o - ; 7  = 0 ,  ~o Os2 , -  + T-)  + 2 ~1 One 

O 2 ( or+ OT- 
X ~  ( T + - T - ) + 6  . s "+" ~'~ 0-~-o ) - 

- -12h (T+--T -) = O. (1) 

In what  fo l lows we s h a l l  r e g a r d  the con tour  L a s  a 
Lyapunov l ine .  

The d e s i r e d  t e m p e r a t u r e  T(x, y) may  of c o u r s e  be  
r e p r e s e n t e d  in the fo rm 

T (x, y) = t (x,y) ~- t| (x, y), (2) 

w h e r e  t is  the t e m p e r a t u r e  due to the  p e r t u r b a t i o n  of 
the given t e m p e r a t u r e  f ie ld  due to the p r e s e n c e  of the 
inc lus ion  in the  so l id .  We sha l l  a s s u m e  that  a t  in f in i ty  
t (x ,y)  - -  O. 

To d e t e r m i n e  the h a r m o n i c  i n s ide  and ou t s ide  con-  
tour  L of the function t(x, y) ,  which wil l  van i sh  a t  in-  
f ini ty ,  we obta in ,  b e c a u s e  of r e l a t i o n  (1), the fo l low-  
ing boundary  condi t ions  on L: 

0"- + ( Ot+ Z Or- ) 
~.o ~ (l -{- l-) -Jr 2 X, On--'~ "On,----'~ = f' (s,,), 

. 0" . l -  d t  + O t -  ~. , ,~s~(t- - - t - )+6 ~ ~ - -  + L , - - / - -  
�9 One - Onu ) 

- -  12h (t + - -  t - )  = L (s.) ,  (3) 

w h e r e  

) 02t~ X) Ot~ ] f l ( s o ) = - 2  ' o ~ + ( X l - -  
Os~ "-~%j '  

h (So) = - -  6 (x, + ~2) or__%. (4) 
On o 

We sha l l  s e e k  the funct ion t(x, y) in the f o r m  of a 
sum of l o g a r i t h m i c  po ten t i a l s  of a s i m p l e  l a y e r  and a 
double  l a y e r  with the r e s p e c t i v e  d e n s i t i e s  y(s)  and p(s):  

t (x, y) = u (x, y) + v (x, y), (5) 

1 f cos (r, n) ds, 
u (x, v) = - ~ f , . j  v (s) /- 

L 

v(x 'Y)=-~r ,  iP(s)  l n r ,  - -  1 d s ' r  (6) 

z 
It  i s  we l l  known [3] that  the po ten t ia l  of the double  

l a y e r  tends  to z e r o  a t  inf ini ty;  the po ten t ia l  of the s i m -  
p le  l a y e r  has  a l o g a r i t h m i c  s i n g u l a r i t y  a t  inf ini ty ,  and 
wil l  van i sh  t h e r e  only if  the e n t i r e  " m a s s "  of the s i m -  
ple  l a y e r  i s  equal  to z e r o :  

~p(s) ds -= O. (7) 
L 

The l i m i t i n g  va lue s  of the po t en t i a l s  on con tour  L have 
the f o r m  [3] 

1 l ~ s ine  ds, u -+- (so)= -• y v ( s . )  + ~ - ~  ~ (s) r 
L 

re(So)= p(s) In l d s .  (8) 
�9 F 

L 

To d e t e r m i n e  the n o r m a l  and the second  t angen t i a l  
d e r i v a t i v e s  of the p o t e n t i a l s ,  i t  i s  conven ien t  to use  
an i n t e g r a l  of the Cauchy type,  which is  c l o s e l y  con-  
nec ted  with the po ten t i a l s  of the s i m p l e  and double  
l a y e r s .  

L e t  

co(z) = ~ ~ ' ( ; ) d ;  (9) 
2hi ,J ~ -- z 

L 

be  an i n t e g r a l  of the Cauchy type,  whose  d e n s i t y  ~(~ ) is  
the ac tua l  funct ion s a t i s f y i n g  the H~lde r  condi t ion .  As 
is  known [4], the r e a l  p a r t  of the i n t e g r a l  is  the po ten-  
t i a l  of the double  l a y e r  with dens i ty /~ ( s ) ,  while  the 
i m a g i n a r y  p a r t  i s  the po ten t i a l  of the s i m p l e  l a y e r  with 
d e n s i t y  p(s) = - d u / d s .  

It is  e v ide n t  that  the d e r i v a t i v e s  of po ten t i a l s  (6) 
wi l l  a l s o  be equal  to the r e a l  and i m a g i n a r y  p a r t s  of 
the c o r r e s p o n d i n g  d e r i v a t i v e  of the i n t e g r a l  (9) of the 
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Cauchy type. Then we mus t  r ep lace  ~(s) by  y(s) under  
the in tegra l s  of the rea l  part ,  and put/~'(s) = - p ( s )  
under  the in tegra l s  of the imag ina ry  par t .  

Y 

[" N 

Schemat ic  of the p rob l em.  

The l imit ing values of the no rma l  and tangential  de -  
r iva t ives  of the Cauchy type in tegra l  a r e  expressed  in 
t e r m s  of the l imit ing values of its de r iva t ive  with r e -  
spect  to the complex  coordinate .  Then,  if #(m) (~) s a t -  
i s f i e s  the H61der condition, the l imit ing values  of the 
m- th  o r d e r  der iva t ive  of the Cauehy type in tegra l  a r e  
de te rmined  accord ing  to the fo rmula  [5]: 

[O (~) (~)] • = _+-----~ F (m) (;o) -t- 1_~ f is(m) (0 dl~. (10) 
2hi J ~ - -  ~o 

L 

We shal l  find the no rma l  der iva t ives  of the poten-  
t ials  (6). 

We have 

d r  ~ •  
dno / \d-~ ] '~%o " (11) 

Substituting the express ion  [~'(~o)] + f r o m  (10) into 
(11) ,  and taking into account  that  

d__~_~ = ieiO,, 1 = exp (--i 0) 0 - -  Oo = so, 
dno ~ --  ;o r ' 

we obtain 

+ i , 1 " exp(--i%) ds. (12) 

L 

Separat ing the rea l  and imaginary  par t s ,  with ap-  
p ropr ia te  subst i tut ion of the dens i t ies ,  we find 

du~ 1 C cos a 0 = ~ j y ' ( ~ )  ~ d~, 

L 

dv-~ ----T- I 1 C s in%ds 
dno -~  p(.%)-~- ~-~ j p(s) - - r  . (13) 

L 
We should understand the integral  in the f i r s t  pa r t  of 
(13) in the sense  of the pr incipal  value accord ing  to 
Cauchy. 

The second der iva t ive  of the Cauchy type integral  
with r e spec t  to so is expressed  in t e rms  of de r iva t ives  
with r e spec t  to the complex coordina te  of the contour  

~0 accord ing  to the fo rmula  

d2O d 'O  (d~o~'+ d O  d ' ~  (14) 
d~o = ' - ~  ~ dso] d-'-~ ds--~o" 

F r o m  (10) we shall  find the l imit ing values  @'(~0) 
and cI,"(~0), exPressed  as  functions of the a r e  of the 
contour .  Bear ing  in mind that d~ = eiOds, we have 

1 , 
[0 '  {;0)] ~ = _ -~- I ~ (so) exp (--  i co) + 

Jr ~ / , I  !~' (S) exp (fir "0) ds, 
L 

1 
[(I)" (~)] • ---- T [+- Ix" (s~ - -  iKoF' (so)] exp ( - -2 i  Oo) q- 

+ [,-cs)-'K,'(,)I exp I-' ,(* + 0)1 2. (15) 
L 

Substituting (15) into (14), and taking into account  
that | = ~ + ~, we obtain 

[d 2(1)l+ l . Ku ff F' exp(-- i%) ~j = + _ y ~ ( ~ ) + ~ -  (s) , d~+ 
L 

1 P exp[-- i (2%-t-a)]  ds. (16) 
J [," (s) - iK , '  (,)] 
L 

F r o m  (16), following separa t ion  of the rea l  and 
imag ina ry  par t s ,  we obtain 

dM ~- _~l I (s) sin (2_ao-t-a) ds "-fT., = _+'/"(so) - Y" ds5 2= ,, r 
L 

l f K ,(s ) cos(2ao+a)ds- t -  K~165176176 (17) 
2r, , r -~-~. r 

L L 

d'v~ ~ cos (2%+a)  d s _  
ds~ = p' (s) r 

L 

2~;1 L ~ K p(s) sin(2ao+a)r  ds+ K~ p(s) Sina"r ds. (18) 

We in te rp re t  the last  two in tegra l s  in (17), and the 
f i r s t  in tegral  in (18), in the sense  of the pr incipal  value 
accord ing  to Cauchy. 

Substituting (8), (13), (17) and (18), taking account  
of (5), into the boundary  condit ions (3), we obtain the 
following sys t em of s ingular  integro--differential  equa-  
tions to de te rmine  T(s) and p(s): 

I[ : :] ~oK0 + Xl--Xo a| + p(s) d s - -  (19) - -  " "f is) co sl ~. 

L 

L 
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g_on ~ [K ~/' (s) - -  p" (s)] cos (2%r + a) ds = f~ (So); 

L 

go "/" (So) - -  12h u (so) - -  3 0"~ - -  Lz) p (so) + 3 (),l + ~.z) x 

![ x ,r c~176 + p ( s )  st % ds=f~(s , ) .  (19) 
, r (cont'd) L 

Equations (19) weze  obtained for  closed contours .  
They a r e  t rue  a lso  for  open contours ,  with the p r o -  
v iso  that at  the ends of the contour ,  T(s), T'(s) and 
p(s) a r e  equal to ze ro .  This condit ion indicates  the 
f in i teness  of the potentials  and of the i r  de r iva t ives  at  
the ends.  

Having de te rmined  T(s) and p(s) f r o m  the s y s t e m  of 
Eqs.  (19), we m a y  find, f r o m  fo rmula s  (6) and (5), the 
function t(x, y) which d e s c r i b e s  the pe r tu rba t ion  of the 
t e m p e r a t u r e  field in the vicini ty  of the inclusion.  

We note tha t  i t  i s  convenient  to de te rmine  the po-  
tentials  u(x, y) and v(x, y), not f r o m  (6), but with the 
help of the Cauchy type in tegra l  (9), making use of the 
fac t  that, as  has a l r eady  been noted above, the rea l  
pa r t  of ~(z) is the potential  of the double l a y e r  with 
densi ty  y(s) = ~(s), while the imag ina ry  pa r t  is the po- 
tential  of the s imple  l a y e r  v(x, y) with densi ty  p(s) = 
= - / ~ ' ( s ) .  

We shall  examine  some  specia l  ca ses .  
If there  is pe r fec t  t he rma l  contact  between the 

solid and the inclusion (~0 = 0, h = ~), f r o m  the s e -  
cond equation of (19) we obtain that y(s) = 0, while 
f r o m  the f i r s t  equat ion-- the  F redho lm in tegra l  equa- 
tion of the second kind 

p(,,,)_ X,--x,  I ~ ( h + x , ) .  p ( s )  

L 

sin aods = 2 ~'~ - -  L2 0t_~ . (20) 
r ka + L~ On o 

In the case  when L is a sec t ion of the rea l  axis x -< 
-< l (we have a c r ack  in the xOy plane, between the 
edges  of which there  is impe r f ec t  t he rma l  contact) ,  
then, using M = k2 = ~, K0 = K = 0, and taking into 
a c c o u n t  that  

sin adr = sin a/r = O, cos ao/r = cos a/r = 1 / ( ~ x ) ,  

we find 
! 

Ot= (x, O} 

n ,! ~ - -  x Oy ' 
--1 

I 

) . p ( x ) - - ~  p ' ( [ ) d [  =)'o O't| (21) 
--  x Ox ~ 

- - I  

If the the rmal  conduct ivi ty  of the c r ack  is X0 = 0, 
then p(x) -- 0, and to de te rmine  y(x) we obtain the 
Prandt l  in tegro-d i f fe ren t ia l  equation 

l 
; ,  Cy' t) t _ ;, 

h"t(x)-- 2~ ,) ~ x  
- - I  

Ot. (x, O) 

OV 
(22) 

There  is at  p r e sen t  no exact  solution of this equa-  
tion. It may  be reduced to a r egu l a r  F redho lm equa-  
tion. Fo r  numer i ca l  ca lcula t ions ,  however ,  it is 
convenient  to use one of the approx imate  methods ,  fo r  
example,  the method of t r i gonome t r i ca l  expansions 
[6], o r  the method of Multhopp [7,8].  

Finally,  we shal l  find the t e m p e r a t u r e  field in a 
plane with a c i r c u l a r  inclusion of rad ius  R, when the 
uniform t e m p e r a t u r e  field, 

t |  cos ~, (23) 

is given at infinity, P and ~o being po la r  coord ina tes  
(the or igin  of the polar  s y s t e m  of coord ina tes  has been 
chosen to be at the cen te r  of the c i rc le ,  while the polar  
axis  is d i rec ted  para l le l  to the heat  flux at infinity). 

Putting 

K - - K o = ~ - .  a = a  o--- . r - - -2Rs in  q~ -  % 
2 2 ' 

f x = 2 b ( ~ - + , , - - , , )  cos%, f , = 6 b 0 , . + ~ ) c o s %  

in (19), in tegra t ing  by par t s ,  and taking into account  
condition (7) and the continuity of p(qo), T(cp) and T'(~0), 
we obtain 

2~ 

1 [ [(;~, - -  ~,~) u  (cp) + ~,o P' (~)] ctg q~ -- % d ~ - -  
2a R , 2 

0 

�9 - -  ( x ,  + x , )  p (%) = 

= 2b ( - ~  + X,- - )~  ) cos%, (24) 

Xo ~/. 
R2- (%)- -  12hu X,lp(%) + 

2r 

3 (~I + X~) f q~ - -  % + ~ - ~  J u (q~) ctg 2 d ~p - 6b (~1 - ~  lk2) COS ~0' 
0 

We shall  seek a solution of (24) in the fo rm 

~/(~) = A cos ~, p (~) = B cos ~. (25) 

Following evaluat ion of the in tegra ls ,  we find 

A = -  
12OR ~ (~o~ + 2R ).1~) 

+ 4R (~1 + ~ )  (~o + 3hR ~) + 12R ~ (h ;,o -~- ).~L. ) '  

= -  2b [ ~,~ + 3R ko 0.x + k, + 4hR) + R 0-I - -  }.,) (Xo -" 12hR2)].. 

~ -~- 4R 0.I + ),~) (ko + 3hR ~) + 12R" (h ~o + kl).-_~ 

Denoting the complex  coord ina te  of a point of the 
c i r c l e  by ~,  we may r e p r e s e n t  y(s) in the complex 
form 

m 
= ; +  
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Substituting this value of Y into (9) in place of ~, 
and separating the real part, we obtain 

u(~,~)=Re Az Ap cos $ (p<R), 
2R 2R 

u (9, ~) = -- Re AR AR cos ~ (p > R). 
2z 2p 

Further,  putting 

= - - ~  p(s) ds ~ -- BRsin q9 B 

in (9), and separating the imaginary part, we find 

o (p, ~o) Im Bz B 9 . . . .  cos ~ (p < R), 
2i 2 

o (p, ~) Im BR~ BR~ . . . .  cos~ (p>R). 
2iz 2p 

For the temperature of the inclusion and of the solid, 
on the basis of (23), (5), and (2), we obtain, respec- 
tively, 

T = a + ( b +  A + B R )  
�9 2----if- p cos ~ (o < R), 

( A - - B R  R ) c ~  (9>R)  �9 T = a +  b 9 2 P 

The last example was also examined in reference 
[2]. 

NOTATION 

T(x,y) denotes temperature; t~(x,y) is temperature 
at infinity; t(x, y) is a function describing the perturba- 
tion of the temperature field in the vicinity of the in- 
termediate layer; ~0 is reduced thermal conductivity 
of the layer; h is its thermal conductivity; Xt, X2 are  
thermal conductivities of the inclusion and of the solid; 

s, so are the length of arc coordinates of points N and 
M0 of the contour L; no is the inside normal to L at 
the point M0; u(x, y), v(x, y) are  the logarithmic poten- 
tials of the double and simple layers;  y(s), p(s) are  the 
densities of the double and simple layers;  ~(~) is the 
density of the Cauchy type integral; r is the distance 
between the two points; ~, s0 are the angles between 
the vector M0N and the positive tangents to L at the 
points N and M0, respectively; 0 is the angle between 
the axis Ox and the vector MoN; | | are angles be- 
tween the axis Ox and the positive tangents at the 
points N and M0, respectively; K, K0 are the curva- 
ture of the contour L at the points N and M0; a, b are  
given constants, determining the temperature at in- 
finity. The subscripts plus and minus denote the limit- 
ing values of the quantities when approaching the con- 
tour L from the side of the inclusion and of the solid, 
respectively. 
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